Chapter 02
SOLUTIONS Of EXERCISE FOR PRACTICE

QO1.

QO02.

1 3 -1 T 7T
a) COS — =C0S COS—=—
2 6 6
b) sin™ —Q =sin” [_Lj — _sin'—— = —sin'sin & =—Z
2 V2 2 4
¢) tan'——=tan ' tan = =2
) NG} 6 6
d) cosec™ (2)=cosec™ (cosec E] _I
6 6
e) sec” (—\/5) =m—sec (\/5) =m—sec (secgj = n—E = 3_n
4 4 4

f) cot™' (1) =cot™' cot (w/4) = m/4

g) cosec”' (—ij =sin”' [—ﬁj =sin”! [Sin(_ED __T
3 2 3 3

h) C0t71 —L = C0t71 (Cot 2_7:) = 2_7:
V3 3) 3

i) tanfl(— 3) —‘[anl(x/g)z—tanl(tangj:—E

3
j) sin™ (0.5) =sin"' % =sin”"' sin% = %
k) sec” (—1)=sec” sect=m
1) sin™’ (—l) =sin”’ sin(—gj = —g
a) tan’ (\/5) —cot™ (—\/5) = tan”' (tangj —cot™ (cot%j = g— 5?7[ = —%

b) tan"' (-1)+cosT .8 =tan"' tan(—gj +cos” (cos?’—ﬁj=—£+3—n=E
J2 4 4 4 4 2

¢) tan”' (1) +sin”' (—lj =tan"' (tan Ej +sin”' sin(—gj =
2 4 6

d)sin’! B 2sin”' i sin”'sin =~ 2sin”'sin £ = X 2 x
2 6 4 6

NG

e) 2sin™ (—0.5)+cos™'(-0.5) =2sin™"’ (—%) +cos” (—%)

= =i ‘(__j ' 1(_lj 1(_lj_ - (__j r__m
=sin +sin +cos =sin"'| sin +o=_Z4
2 2 2 6

2n I

tan"'(\/3)—sec ! (=2) =2 L __T

f) (/3) (=2) 3 3 3

g) tan”' (1) +sin™ (—%) +cos” (—%) I I 3 [-sin” x+cos ' x = g




Solutions Of Inverse Trigonometric Functions

T 2n W
+cosec”!

h) tan~' /3 —sec™ (=2 i =
) ( JE 3 3 3
E
3

)
PN \/5 -1 \/§ _ T T
i) sin 5 +cos == +g_—g

< COMMIT TO MEMORY

#01. 1+sin2x = cos” X +sin’ X +2cos X sin X = (Cos X +sin x)’

#02. 1—sin2x = cos” X +sin” X —2 cos X sin X = (Cos X —sin x)°
#03. v1+sin 2x =\/cos2 X +sin’ x +2 cos X sin x =\/(cosx+sinx)2 =|cosX +sinx|
#04. v1—sin 2x =\/cos2 X +sin’ x —2cos X sin x =\/(cosx—sinx)2 =|cos X —sin x|

T
. tan —+tan X
405, cosx+s%nx l+tanx 4 —tan(nerJ
cosx—sinx l—tanx 1—tan ™
—tan —tanx
tan ~ —t
cosx—sinx l—tanx 4,7 HARX T
#06. — = = =tan| ——Xx
cosx+sinx 1+tanx 1+ tan ™ tan x
Q03. a) RHS:Let y=sin’1[3x—4x3] Put x =sin®= 0 =sin"' x...(i)
y =sin"'[3sin 0 —4sin’ 0] = sin"' sin 30= 30
=y=23sin"' x =LHS [by using (i)
b) Put x =cos0 in RHS. Use c0s30=4cos>0—3cos0.
2x
2% x+1 5
¢) LHS:Let y=tan' X+tan’1( zj =Sy=tan | ———% _
1-x l—x( 2x )
1-x°
X — X #2x 3x-x’
—vy=tfan | ——= " = vy=tan" =RHS
Y {1—){2—2)(2 Y 1-3x*
d) LHS :Let y =sin"' (2X\/1 -x’ ) Put x =cos0 =0 =cos ™' x...(i)
sy=sin" (2cos 0+/1—cos’ 9) =sin”' (2cosOsin0)
=y =sin" (sin26) =y=20=2cos ' x=RHS [by using (i)

e) Put x =sin6 in LHS

f) We have tan”' vx = ECOS (1_ J — 2 tan”'v/x =cos (1 XJ

1+x 1+x
1-[VxT
1+ [VxT

LHS: Let y=2 tan"'v/x =y= cosl[
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. _ 2
s y=cos’ (l—XJ =RHS > 2tan”' x = cos ™’ ! Xz
1+x 1+x

2cos’ (X) + \/2 sin? (X)
g LHS : Let y—tan” | YECOSX VI -cosx ) J 2 2
\/1+cosx—\/1—cosx ,( X [ x
2cos”| — |—,[2sin"| —
2 2
X . X . T T
V2| cos > | ++/2|sin | cx€|0, - |=0<x<~
= y=tan" 2 2 2 2
V2 |cos > [—V2 sin | <X
2 2 24
cos§+sin§ 1+tanE
:>y=tan71 2 2 =tan”! 2
cosi—sinE l—tan5
2 2
= y=tan'| tan T 2= X _RHS
4 2 4 2

2¢o0s*
VI+cosx ++/1-cosx 4 \/ (
=tan
J1+cosx —v/1—-cosx \/ 2(
2cos

h) LHS : Let y= tanl[

X . X
|cos—|+|sm5|

4 3t ®w X 3m
= y=tan VLX< —= =< —<—
X X 2 2 2 4
|cos—|—|sin=|
2 2
X o X X . X
—Ccos — +sin COS — —sin —
sy=tan’| ——2 "2l o 2
X X X . X
—COS £~ —SI — COS —+sin —
2 2 2 2

1—tan§ T X T X
:>y=tan" .2 =tan”' tan(———j =———=RHS
1+tan§ 4 2

i) LHS : Let y=cot™
Y (\/l+sinx—\/1—sinx

x/1+sinx +x/1—sinxJ

= vy=cot”
Y (x/lvtsinx—x/l—sinx x/1+sinx+\/1—sinx

1+sinx +1-sinx +2+/1+si 1—si
:y:cotl( sin X sinx \/ sz\/ szJ {Xe(o’gj /coszx=|cosx|=cosx

(1+sinx)—(1-sinx)

x/1+sinx +\/1—sinx x/1+sinx +\/1—sinxJ

2(1+cos X)j _ cot™! { 2cos’ (x/2) j

= y=cot” [ . .
2sinx 2 sin(x/2) cos(x/2)




Solutions Of Inverse Trigonometric Functions

2
= y=cot M —cot”| cot> |=2 = RHS.
sin(x/2) 2) 2
X . X X
Mrsinx +J"sinx \/(COS2+SIH2 +\/ cosa—sm
Alternatively, LHS: cot' > —— =cot'
x/1+s1nx—«/l—s1nx X X
cos—+sin— cos——sm—
( 2 2
X . X X . X
COS — +sin —|+|cos — —sin — -
4 2 2 2 T X T
= =cot cl0<x<— L0<—<—
X . X X . X 2 2 4
COS —+8in —|—|cos — —sin — -
2 2 2 2
X . X X . X X
(COS+SIH2J+(C052—SIH2J 2cosi 4 »
= =cot™’ =cot™’ =cot”' cot—==—=RHS.
X . X X . X . X 2
COS—+sin— |[—| cos——sin — 2sin —
( 2 2) ( 2 2) 2

Jl+x —JI-x

JI+x =/1-% \/l+x J1—x

j) LHS : Let y=tan~ (

=y= tan{

Put x =sin®=> 0 =sin"' x...(i)

{

VI+x +41- xj
1+ x+1-x—-241+x+4/1-Xx

(I+x)—-(1-x)

{ 1
o= <x<

NG

Ly = tanl(

= —lsin’1 X
77y

<sin0 <1 = sin" (

T
1—cosO

0 jzwnf{

[by using (i)
s x}

k) LHS "Let y= tan‘l[

2sin”(0/2)
2sin(0/2) cos(6/2)

sin

T
——€0
2

2E L s x = RHS
4 2

yZE

.y = tan}! {
7)

2

|

JI+x +J1—x \/l+x JI-x

— tan71 2[1_—1_)(2] — tan71 ﬁ
2xX X
1—+/1—sin’ 0 _tan1(1—|cose|j
sin O sin O

C . . T
Ssmlsmeésmllz—zéeéa

1( j L. 0
=tan tan—

|
sin(6/2)
cos(0/2)

j=

2

\/1+cose+\/l—cose

Put % =€0s0 = 0 =cos™" x...(i) Sy
\/1+cose—\/l—cose
\/Ecosgntx/zsing \/Ecosgntx/zsing
=y=tan" 0 0 =y=tan" 0
\/Ecos——\/z sin — \/Ecos——\/z sin —
2 2 2 2
1 1 -1 -1 -1 1
——=<x<l=>-—=<c0s0<1=cos" (1)< cos ' cosO<cos™ | ——=
2 2 V2
:>0£9£3—n:>0£9£3—n .‘.QliesinIQuadrant
4 2 8 2
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6 .06 0
COS —+sin — 1+ tan —
-1 -1 -1 T 9
So, y=tan o o = tan = tan tan(—+—j
cos— —sin — 1—tan— 4 2
2 2 2
:>y=£+9=ﬁ+lcos’lx=RHS
4 2 4 2

) LHS : Let y=tan™' { Put x* =c0s20=0= %cos1 x*...(Q)

\/l+x2 +\/1—x2
\/1+x2 —\/l—x2
[ V140826 ++/1-cos20 [ |cosO|+]|sinB]
Sy =tan =tan -
J14¢0820 —/1-cos 20 |cosO|—]|sin|

v -1<x<1=0<x*<1=0<co0s20<1

:>cos’1lécos’lcos26£cos’lO:>O£26£§:>OS6S§

l(cosejtsinej 1(Htanej B (n j
= y=tan | —— [=tan =tan | tan| —+0
cos0—sin O 1-tan© 4

Ly= §+ 0= % +%COSI x> =RHS [by using (i)

m) Let y =sin[cot ' {cos(tan"' x)}]

1 1
Put tan”' X =o = tana =X = cosa = :>(x=cosl( j
VxA x* +1
2 | 1 . |
". cos(tan™ x)=cos| cos = = y =sin| cot
N x> +1
Vx? +1 . [xP+1

—_— = B =sin

Now put cot ™’ ! =B:>cotB=;:>sinB= :
Vx® +1 VX2 +1 VxP+2 X" +2

) 1 1 0] xR+ x> +1
So, y =sin| cot = sin| sin 5 ==
Noa S| X" +2 X" +2

x*+1
x> +2
n) Similatas last question. Put cot™ x =0 and proceed .

. sin[cot ™ {cos(tan"x)}] =

0) Let x =sin0,y =sinB = 0 =sin"' x,f=sin"'y in RHS. ...(i)
~lsin?’ {x\ﬂ —y +yV1-x } =sin"' {sin 0/1—sin” B +sin By/1—sin’ 6}
= =sin”' {sinBcosP+sinPcosO} =sin” sin(0+f)

= =0+B=sin" x+sin"' y=LHS [by using (i)
NOTE : This relation can be used as an identity in certain questions.

Also, prove yourself : sin”' x —sin™' y =sin"' {x\/l —y? —y1-x2 } :
p) Let x =cos0,y =cosp=0=cos ' x,f=cos”'y in RHS. ...(Q)
.cos”! {xy—\/(l—xz)(l— yz)} =cos ' {cosecosﬁ—\/l—cos2 6\/1—0052 B}




Solutions Of Inverse Trigonometric Functions
= =cos ' {cosOcosp—sinOsinp} = =cos ' {cos(0+p)}

= 0+B=cos” x+cos”' y=LHS [by using (i)
NOTE : This relation can be used as an identity in certain questions.

Also, prove yourself : cos™ x—cos™ y=cos™' {xy + \/(1 -x’ )(1 —y? )} .

q) LHS : Let y =sin- 5

Put x =sin20=0= %sin1 X...(Q)

) y_sm1{\/1+sin29+\/1—sin29}
Ly = 5

~y=sin” Jeos® 0+ sin® 0 +2sin 0.cos 0 +/cos? 9+sin29—2sinecose}

2

—_

2 2

. _\/(cose+sin6)2+\/(cosesine)z} . 1[|cos@+sin9|+|cos@—sin6|}
= y=sin =sin

['.'O<x<1:>0<sin29<l:>0<9<§}

. 1[cos(%tsmevtcose—sme} —sin~' cos @z sin” Sinl:g_e}

Sy =Ssin
Y 2
T 1 < 1 3 5
=>y= 5—5511'1 x = RHS [by using (i)

sin X + cos X

1 1
r) LHS : Let y =sin' {— =y=sin || —=sinX + —=cosXx
2 NN

= y=sin" cos—sinx +sin—cosx| =sin | sin| x+ = | | =x +~ = RHS
4 4 4 4

n

1——

s) LHS : Let y=tan"' (E)—tanl (m nj = y=tan" (Ej—tanl —
n m+n n n

I+—

m

i [m » o n L m . . n
= y=tan 1(—}—(tan "1—tan l—j =tan"' ——tan ' 1+tan~' —

n m n m
:>y=£—cot’12—ﬁ+cot’12 .'.y=E=RHS
n“ 4 n 4
t) Consider LHS and put 0 = %cos1 % = 0520 = %...(i)

LHS : Let y=tan [Evtlcosl i}Ltan[ﬁ—lcos1 3} = tan [Evte}ttan[ﬁ—e}
4 2 b 4 2 b 4 4

tangvttane tang—tane
=y= - + -
l—tanztane 1+tan2tan9

1+tan® 1-—tanO
=>y= +
1—-tan® 1+tan0
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1+ tan 0)* + (1—tan 0)*
Ly (a0 +(1-and)
1-tan“ 0

_2(1+tan26) 5 1+tan” @
1—tan® 0 1—tan® 0

1 1 2b o
=>y=2 =2| — .. y=—=RHS by using (i
Y (cos26j [a/bj Y a [by e
T 1 _a n 1 _,al] 2va’+b’
Try yourself : tan| —+—tan — [+tan| ———tan — |=———.
4 2 b 4 2 b b
u) Consider LHS and put cos™ x =0 = x=cos0
2
Let y =sincot™ tancos™' x =sincot”' tan® = y=sincot™ 17X
X
ERIES'S 1-x? . X
Put cot =q = cota = =sino=—=Yy.
X X 1

. y=sincot ' tancos™ x =x = RHS.

V) LHS : Let y= tanl( oS X j—cot1
I—sinx

ZX

cos? > —sin? >
=y=tan" 2 2 -

2 X ., X . X X
COS™ —+sin” ——2sIin —CoS —
2 2 2 2

X . X X . X
cos — —sin — || cos ~ +sin =
! ( 2 2)( 2 2
2
X . X
COS — —sin -
( 2 2)

X . X
cos — +sin — .
—y=tan'| —2— 2| cot’ (cot Ej

X .aX
COS — —sin =
2 2

o
o)
i

N
o
@]
S

DO | 4

N

['.'0<x<£:>0<x<£}
2 4

1+ tafh ~
1 2 -1 X1 X
—y=tan ——=tan tan[—+—}——
1~ tan > 212

_ani

2

cy=242 XET JRHS
4 2,2 4

w) Consider y = tan™' ( Put x =asin®=> 0 =sin"' (i (G

a

=)

Sy=tan Lﬁ} =tan”' ( asin® j =0 =sin"’ 2 , Proved

Ja’(1—sin’ 0)

a

[by using (i)

[2 2 2(1—sin’ 0
Also y=cos™ {u} =cos ' LM =cos‘[acosej=e=sinli, Proved

. 1 X
=0 =sin"' —, Proved
a

Again y = cot™! {M} = cot™! (a cos ej

asin0 asin0




Solutions Of Inverse Trigonometric Functions

2 2 2 2
) X . (x L vat=x Sl vat=x
tan'| ——— |=sin'| = |=cos' | ————— |=cot | —— Hence Proved.
a?—x?2 a a X

. .o 1= .
x) Consider y =2sin™' TX Put x =cos®=0=cos 'x...(i)

= y=2sin"' ‘/1_02056 =2sin”' sin%= 0=cos ' x, Proved
1 1
Also y=2cos ', ;X =2cos™',| +02056 =2cos” cosg=6=cos1 x , Proved

s cos ' x=2sin" I-x_ 2cos™ !
2 2

+

X

=

Hence proved.

1

% | —

y) LHS: Let y= cot(tan1 X +tan- j+cosl (1—2><z)+cos’1 (2x2 —1)

= = cot(tan’1 X +cot”' x) +cos” (1 -2x° ) +cos” (—(l —2x2))
= = cot(m/2)+cos™ (1—2)(2)+7t—cos’1 (1—2x2) = =RHS
z) LHS : Let y:tanl( a-b j+tanl( b-c j+tanl( “§ )
1+ab 1+bc I'+ca
= =tan'a—tan 'b+tan'b—tan ' c+tan”' ¢—tan"'a =0 =RHS
aa) LHS : cot™ (Lﬂjwtcotl (Lﬂjntcotl (ZX‘FIJ
X—y y—2z zZ—X
= =tan"' b | +tan”' Y2 +tanl(Z_Xj
I+xy 1¥yz 1+ zx
= =tan ' x—tan"'y+tan ' y~—tan" 2+tan"' z—tan"' x
= =0=RHS
2 2
ab) LHS : sin| tan™ 15 +cos?! ) Xz =sin| cot™’ 2X2 +2tan” x
2x I+x I-x
= — sin| = —fan 2X2 +2tan” X =sin[£—2tan1 X+2tan”' x}
2 =X 2
= — sin" = | 2RHS.
2
[ 6x—8x%° O X r )
ac)LHS : Let y=tan | ——— |—tan 5 Put 2x =tan® = 0 =tan™ 2x...(1)
1-12x 1-4x

_ 3
Sy =tan’ [%j —tan”' (%j = y=tan" (tan 39) —tan”' (tan 26)
—3tan —tan

= y=30-20=0=tan"' 2x = RHS. [By (1)

Q04. a) Let y=cot { } Put x =secO = 0 =sec”' x...(1)

1
Vvx?Z -1
1
= y=cot” S S cot™ [
Jsec?0-1 tan O

Sy=sec X. [by using (i)

} =cot'cot0=0
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for x <-1.

Another similar sum : Simplify cot™
x -1

Sol. Let y=cot™' x <-1.

1
Vvx?—1 ’

Put x =sec® = 0 =sec™' x . Then secO < —1 :>§<6<n

. y=cot” S L = y=cot [ ! j =cot™' (—cot0)
Jsecl0-1 |tan 6| —tan®

= y=cot ' (cot(n—0))=n—6 Sy=m—sec” X.
— 1 2
b) Let y = tan” I-cosx —y=tan” 2sm2(x/2)
I+cosx 2cos”(x/2)
—y=tan |tan— [‘.'—n<x<n:>—£<i<£}
2 2 2
tan ™' (—tangj, if —-t<x<0 [tan™' {tan(—%ﬂ = —g, if —m<x<0
y=tan" |tan = =
tan{tanij,if 0<x<m tan "ptan x =£,if 0<x<m
2 2 2
2
¢) Let y=tan™ [M} Put x =tan 0 = @=tan"' x...(i)
X
Ll V1+tan> 0 -1 [.secB-1
=y=tan"'| —————— | = tan?" | =———
tan O tan O

< 22
—vy=tan 1-cos =tan"' ﬁ =tan"' tang
= ind )4 0" 0 2

sin 9 2sin—cos —
2 2
—9—ltan’lx [by using (i)
y 5 5 Yy g
4 . ) .
d) Let y=cos™ (ECOSX‘F—SIHXJ Put cose=§,sm6=i:>6=tan*1i ...(1)
5 5 5 5 3
=y =cos. (cos@cosx +sinOsinx) =y=cos  cos(0-x)

.'.y=6—x=tan1§—x.

Also, simplify yourself : sin™' [3 SN X +2C0s X j . Answer: x +tan”' 2 .
J13 3
i X . X
e) Let y=tan {?j Put x =asin@=0=sin" —...(1)
a’—x a

asin® [ asin® .
= y=tan" L—} = tan 1( j=tan "tan0

\Ja*(1-sin’0) acost




Solutions Of Inverse Trigonometric Functions

L y=0=sin'2 [by using (i)
a
f) Lety:tanl( COS'X j :y:tanl[ COS,’X j
I —sinx I—sinx
cos? X _gin2 X (cosx—sinxj (cosx+sinxj
=>y= tan~' 2 2 =tan"' 2 2 2 2
)X ., X X X x . xY
cos §+sm 5—2sm§cos§ COS — —sin =
X . X X
COS —+sIn — I+tan — x]
—y=tan" —2 2 —y=tan" 2 | =tan™ tan[—+—}=—+—
X . X X 210402
COS — —sin — 1—tan—
2 2 2

sin x
. cosx| 1—
COSX —SIn X . COSX L 1#4tanx
——F—— | =tan - =tan | —

g) Let y=tan"' .
COS X +8in X

4 1-tanx _i[ tan(m/4)—tanx . T T
= y=tan =tan =tan= tan)—=X'|=—-X
I+tanx 1+ tan(m/4) tan x 4

b Loty =sin ! x| = y=sin ! {x1-(x)* —xT-x
:y:sinl{xm_&ﬁ}

Put x =sin0,v/x =sinp = 0 =sin?X}B.=sin"' VX ...(J)
sy=sin’ {sin 0/1—sin” B —sin Py}l —sin* 9}
= y=sin"' {sinOcosB—sinBcos0} =sin"' {sin(0—p)} =0-P

sy=sin' x—sin”' V/x
acosx—bsinxj

i) Let y= tanl(

bcosx + asin x
a
——tanx a
Divide Nf*& Dr by beosx =>y=tan"' " =tan ' ——tan”' tanx
I+ ~tanx b
b
CyEtan T L o x [By comparing to tan”' | —= |=tan"'x —tan "'y .
b I+xy
3
X X
2, o3 3* 3
j) Let y=tan"' (?aa;x—xzj —y=tan'| 22
a’ —3ax X
1-3—
a
_ 3
Put i=tan6:>6=‘[an’1£...(i) = y=tan" M
a a 1-3tan” 0
= y=tan" tan30 =230 s.y=3tan™ X [by using (i)
a

10
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k) Let y=tan '[x ++1+x"]
= y =tan '[tan O ++/1+tan’ 0]

Put x =tan0 = 0 = tan"' x...(i)

= y =tan'[tan 0 +sec 0]

,0 . ,0 . 0 0
[14+5sin0 cos” —+sin 5+2smicosi
:>y:tan’1 } :>y=tan71 5 5
L cos® cos’ — —sin? —
2 2
06 . 0Y .
= y=tan" —tan'| —2 2
6 . 0 06 . 0 . 0
coS ——sin— || cos —+sin — COS ——SIn —
2 2 2 2 2 2
1+tan9
» o (n Oj T 0
= y=tan =tan tan| —+— |=—+—
1—tan > 4 2 4 2
L 2
Sy = % +% tan”' x [by using (i)

1-x

Put x =cos6...(1)
1+x

1—cosO . ., [28in*(0/2)
=y =sin| 2tanTyfe————

1+cos0 2cos”(0/2)

=>y= sin[2tan1 tan%} =sinQ = \/l—cos2 0= \/1— x2

1) Let y=sin |:2 tan”' (

=y =sin {2 tan™'

[by using (i)

Put X =sin®=> 0 =sin"' x...(i)

Sinl{sin9+|cose|}
2

m) Let y=sin" {

V2
sin®++/1=sin’ 9}

Np

= y=sin" {

:y—sinl{isin6+icose} ["—L<X<L:>—£<6<E
ok N TER :
= y=sin"' | sin@eos = + cosOsin— ¢ =sin"'sin| 0+
4 4 4
sy =sintlx +§ [by using (i)
n) Lety=tanl( a—xj Put x =acos® = 0=cos"' = ...(i)
a+x a

v tan” a(l-cos®) |
y =tan — | =tan
a(l+cos0)

= y=tan" tan

: —lcos’li
y 2 N

[by using (i)

N | D

o
2




Solutions Of Inverse Trigonometric Functions

0) Let y=sin"' . — Put X:atan9:>6=tan’1§...(i)
Vx* +a’ a
- atan0 l[atane}
= y=sin =>y= sin
Ja*tan’0+a’ asecO
= y=sin"'sin0=0 sy =tan'(x/a) [by using (i)
1- 1—si
p) Let y= cot™ CoSX _ tan”' [ S X}
I+cosx COSX
2
- 1 2 - X -1 2
= y=cot —tan =cot tan——tan | —=—F—
2 X 2 X 2 X X
cos” ——sin” — cos —+sin
2 2 2 2

1—tan —
1 T X o 2 T X 1 T X
=>y=cot cotf ———|—tan | —= | =————tan tan| ———
(2 2) 2 [4 }

1+ tan > 2 2
2
- _E_i_(ﬁ_ij _x
T2 42 v

/ 2
q) Let y=cos™ vlex +1 Put x =tan0 = 0 =tan"' x...(i)

241+x7

o [N1+tan®0 +1 L [secO+1 1+cose - [2cos*(0/2)
2+/1+tan” 0 2secH 2

:>y=cos’lcos(6/2)=16 .'.y=§tan 'x [by using (i)

r) Let y=tan™ M +tan (ltanxj
5+3cos2x 4

2tanx
1+tan x 1(1 j
= +tan | —tanx
1 tan’ x 4
1+tan X
( 6tan x j 1(1
= =tan +tan | —tanx
5+5tan” x +3—3tan’ x 4
3tan x 1
3tan x 1 4 Zt nx
= ( j +tan ( tan xj = =tan"' +tan” x
4 +tan® x 4 1— 3tan x lt anx
4+tan’x 4
1 16tanx + tan’ x 1 tan x(16 + tan” x)
= =tan 3 3 = =tan 3
16+4tan” x —3tan” x 16+tan” x

= =tan ' tanX =X .
Q05. a) We have sin”'(1-x)—2sin™' x = /2 =sin"'(1-x) =n/2+2sin”' x
= sin [sin’1 (1- x)} =sin [n/2 +2sin” x} = 1-x =cos(2sin"' x)

= 1-x =1-2[sin(sin"" x)]’ [by using cos20=1-2sin’ 0

12
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=1-x=1-2x’ =2x>-x=0 =x(2x-1)=0 =x=0,1/2
.+ x =1/2 doesn’t satisfy the given equation.
. x =0 is the required solution.

b) We have sin(sin’l(l/S) +cos” x) =1 = sin”' sin (sin’l(l/S) +cos” x) =sin"'(1)

= sin” %+ cos™ x =§ X = 3 [By comparing to sin”' x +cos ™' x = iy
¢) We've tanl(x_1]+tanl(x+1]:£ :tanl(x_lj:tanll—tanl(x+lj
X_2 X+2 4 X—2 X+2
l_x+1
= tan”' x-1 —tan”!| — X+2 :>tantanl(x_lj:tantan1(X+2_X—lj
x =2 x+1 x—2 X+2+X+1
1+1x
X+2
LS - S (x43)(x=D)=x=2  D2’=1 =t
x—2 2x+3 >
x—1+2x—1
d) We’ve tanl(x_ljwttan1(2X_1j=tanl(§j:>tanl XA 02X +] | _ oy 23
x+1 2x +1 36 l_X—lxﬂ
x+1 2x+1

L 2xP-x—-1+2x" +x-1 (23
— tan tan 3 3 =tantan | —
2x°+3x+1-(2x" -3x+1) 36

2 —
W2 B - 3x-18=0
6x 36
23+,/(-23)° —4x24x(-12) 2341 64 18. 4 3
X= = > X=—,—— 16, -,——
2x24 2x24 48 48 38
TX= —% doesn’t satisfy the given equation. X = 4 is the required solution.

Alternatively, tan™' | = Ot 2L | an [ 22
X+1 2x +1 36

1(1—x} 1(1—2xj 1(23}
= —tan —tan =tan | —
14X 1+2x 36

= —tan ' 1 +tan_'x —tan ' 1+tan"' 2x = tan™" (gj
T P X+2x (23 o 3x T (23
= ——+tan 3 =tan | — = tan 3 =—+4tan | —
2 1-2x 36 1-2x 2 36
o 3x T (23 3x (23
—> tan tan > = tan| —+tan | — = 5= —cottan | —
1-2x 2 36 1-2x 36
X (36 3x 36 X 12
2=—cotcot — = =— = =—
1-2x 23 2x° -1 23 2x° -1 23

= 24x*> —23x—12=0. (Now it’s same as in the other method given above).

4 1-x | _ _ |
e) We’ve tan 1(1 j:Etanlx =tan'l—tan'x =—tan ' X
+X




Solutions Of Inverse Trigonometric Functions

:>E=§tan’1 X =2 _tan"'x = tan = tan tan~' x X _ 1
6 6 NE)
f) We’ve cot™' 2x +cot™' 3x = T =2 tan"2x+ 2 tan'3x ="
4 2 2 4
= -~ =tan"' 2x + tan "' 3x = 3n_ tan”' (ﬂj
4 4 1-2x.3x
:>tan3—n:tantanl[ X zj :>—1=5—X2 = 6x>—5x—-1=0
4 1-6x 1-6x
=6x’-5x-1=0 = (6x+1)(x-1)=0 =x=1,-1/6
.+ x =—1/6 doesn’t satisfy the given equation. . x =1 is the only required solution.
g) We have tan™' 2x +tan ' 3x = = = tan”' 2x+3x
4 1-2x3x 4
o Sx T 5x 5 1
—tantan ——=tan— = >=1 =>6x"+5x-1=0 =>x=—1—-
1-6x 4 1-6x 6

: : : 1. : :
.+ x =—1 does not satisfy the given equation, .. x = 3 is the only.required solution.

h) We’ve 2tan™' (cosx) =tan"' (2cosecx) =>tan"' (1%&?} = tan "' (2cosecx )
L coshx

2cos 2 2 2
= tantan’ (—?j:tantanl( - j = g5 _

1—cos” x sin X sin®x  sinx

= cosxsinx —sin’x =0 = sinx(cos x —sinX) =0

) ) T
=sinx =0 or cosx =sin x :>x=00rx=z

: : : T . : :
As x =0 doesn’t satisfy the given equation, so x = 7 is the only required solution.

i) Proceed similar as in preyious question.

2 2
j) Given sin™' ?’?thsin1 4?)( =sin X = sin”' {3%‘ fl —(4%} +4?X /1 —(3%) } =sin~' x

3x. V25-16%" +4_XX\/25—9X2

= sinsin' | ==x
5 5 5 5

— 3x+/25 — 16%2+#4x~/25— 9% = 25x - x[3\/25 _16x° +44/25-9x2 —25} ~0

X =0%r 3K/25-16x> +4/25-9x> —25=0
Now.3y/25-16x> =25-44/25-9x> Squaring both the sides, we get :

9(25-16x) =625+16(25-9x>)—200v/25-9x> =16=25-9x" =x =11
So, x =0,+1 are the required solutions of the given equation.

:l =sinsin' x

Alternatively, sin' 3%+ sin”! 4% =sin"' x = sin(sin1 3%+ sin”' 4%} =sinsin~' x
.(.ﬁxj (.14xj (.13Xj.(.14xj
=>sin| sin” — |cos| sin”' — |+cos| sin” — |sin| sin" — |=x
5 5 5 5
3x .. 4 4x 2 .. 4 3x P o4x
= —,/l-|sinsin” — | +,[/l—|sinsinT — | x—=X
5 5 5 5

14
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5 25 25
k) We have cos™ x +sin”' (x/2) = n/6 = /2 —sin"' X +sin”' (x/2) = /6

2
— sin”' x —sin" (x/2) = /3 = sin?| x,[I-——Z1-x> |=Z
4 2 3

2 4.2
—sinsin” | x, [1- 2= —XJ1-x? |=sinE  =x 4-x —E\/l—x2 =£
V4 2 3 2 2 2
= xv/4-x> =3+ xy1-x> = x*(4-x2) =3+x>(1-x*) +2x/3V1- x>
= 3x% -3 =2x/3+1-%’ = B(1-x*)+2xy1-x% =0

:>[\/§\/1—x2 +2x}/1—x2 —0  =1-x*=0o0r B31-x> +2x =0

—1-x*=00r 3V1-x2=-2x = x=+1or 3-3x%=4x>

2 2
= 3—X\/1 _Lox + \/1 X X 4% =X . (Now it’s same as in the other method given above).

=>x=zxlor x= J_r\/g But x =—1, i\/g doesn’t satisfy the given equation.

.. x =1 is the required solution.
Alternatively, cos™ x +sin™'(x/2) = /6 = sinsin (x/2) =sin(n/6 —cos ™' x)

= x/2 =sin(n/6) cos(cos™' x)— cos(n/6)sin(cos " X))

B

1
:>§:5(x)—7><\/l—(coscos’lx)2 = \1-x2=0 =x =1 =>x=x1

.+ x =—1 doesn’t satisfy the given equation. .. X =1 is the required solution.
1) Given tan™'(x +1)+cot™' (x —1)& sin7' (4/5) + cos ™' (3/5)
= tan"'(x +1)+[n/2 —tan"" (x —1)] = tan""(4/3) + tan "' (4/3)

(x+lex+1) w2 T (2 (24
= tan —_— +—==tan = tan| —+ tan — =tantan | —
I+x" -1 2 I—E 2 X =7

9

2 24
— —cot/| tan™ (%) 4= i — cot| cot™!| 2= || =22 :>x=i4\ﬁ.
X 7 2 7 7

m) Given'tan®' x +2¢ot ' x =21/3 = tan ' x+cot”' x+cot” x =2n/3
= m/2+cot” x = 21/3 =cot”' x =7/6 - x = cot(n/6) =3

+1)+(x-1
n)We’vetanfl(X+1)+tan71(x—1)=tan’li = tan™' () +(x-1) =tan' —
31 1—(x+1)(x—1) 31
O X 4 8 2x 8
=> tantan 5| = tantan — = > =
2—-x 31 2-x 31
= 4x*+31x-8=0 = @4x-1)(x+8)=0 =x=-8,1/4

As x =-8 does not satisfy the given equation so, x =1/4 is the only required solution.
2

- . PO | 2
=Smsin —&—

x J5

. 41 _
0) We have tancos ' x =sincot™ 5 = tantan

15



Solutions Of Inverse Trigonometric Functions

2 2
1-x :i :>1 2( =i =9x’ =5 :>x=ir—5
X J5 X 5 3
5 . . . J5 . .
TX= 3 does not satisfy the given equation so, X = 5 is the only required solution.
We have sin[Z cos ' Jcot(2tan" x J —1 = 2cos " {cot(2tan" x) =sin” (1) = =
2 foor(21an ) foor(ztan” ) =sin! (1
2 1 —x?
:>cot(2tan"x)=cosE :>cot[tan1 Xz}:— = cot cot’11 oL
4 -X \/5 2x 2

1-x> 1 R EA)

= = SX :
2x 2 2

2 2
q) We have sec’ tan™' 2+cosec’cot '3=x =1+ (tan tan”' 2) +1+ (cot cot! 3) =X

=1+(2) +1+(3) =x nx=15
r) We have tan"'4+cot”' x=n/2 By comparing to tan~' x +cot | x =a/2, We get x =4.
s) We've tan™ x +tan”' (1-x)=cot™ 7 = tan™’ XX g tan ' a
9 1-%(l-x) 7
:tantan’l%=tantan’12 :;2=2 =9x>-9x+2=0
I-x+x 7 1“x+x" 7
— (3x—-2)3x-1)=0 fx=1/3,2/3
t) We have cos(2 sin”' X) =1/9 = 1-2(sinsin”~ x)> =1/9
=1-1/9=2x> .'.X=i§.
2
u) We have 3sin™' 2X2 —4cos' ! X2 +2tan” 2X2 I
I+x I+x I-x 3
:>3><2tan’1x—4x2tan’lx+2x2tan’lx=§ :>2tan’lx=§
=>X= ‘[anE WX —L
p X7

v) Given tan™' (x —1)& tan™' x +tan"'(x +1) = tan™' 3x

4 =D+x+1) ~ tan”! 3x —x

= tan”' (x —1) + tan"\(x +1) = tan"' 3x —tan "' x = tan
I-(x—-1)(x+1) 1+3x.x
b o 2x 2x 2x
= _tantan = tan tan > = = 5
2—x 1+3x 2-x" 1+43x
= X[148x° -2+x*[=0  =x=0 or 4x’-1=0 Sx=0,£1/2
w) We have sin™' x +sin'(I-x) =cos™' x =sin"'(1-x)=n/2-sin"' x —sin"' x
=sinsin”'(1-x) = sin[n/Z —2sin™ x} =1-x =cos(2sin"' x)
=1-x=1-2(sinsin"' x)> =2x*-x=0 =x(2x-1)=0 5 x=0,1/2
x) We have tan™'(2—x)+tan ' (2+x) =tan"' 2 = tan™' 2=x)+C+x) _ tan ™' 2
3 1—2-x)(2+%) 3
= tantan” ———=tantan" 2 = 24 _2 =x’=9 Xx=13
x =3 3 x -3 3

16
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y) We have sin™' (zj +sin”! (Ej I = sin™ (ij =L _sin™ (Ej
X X 2 X 2 X
: 1(5) 1(12) . 1(5) : 1(12)
=sin” | = |=cos | — = sinsin~ | — |=sincos” | —
X X X X
2
12 25 144 16
:zz\/l—{coscosl(—ﬂ =>—=1-— :—29=1 =>x=2%13
X X X X X
As x =—13 doesn’t satisfy the given equation so, x =13 is the only required solution.
1 1
z) We’ve sin[cot™' (x +1)] = cos(tan™' x) = sinsin~'| —————= |=coscos™' (—J
J1+(x+1) NIES'S
= ! = ! =2+x’+2x=1+x’ .'.X=—l.
J+x+1)7 J1+x 2
x+1 x-1
aa) Here tan~' (X +lj +tan”’ (X;j =tan'(=7) = tan'| X1l XE T anl(27)
X — X 1= x+1"x-1
x=1 X
2 2 2
. tan”! X +2x +X 22x +1 ~tan"'(7) - 2x5—x+1 _ 7
X —x—-Xx"+1 —x+1
=2x*—x+1=7x-7 =2x*-8x+8=0 or, x> —4x+4=0

=(x-2)=0 =>x=2.
Since x =2 doesn’t satisfy the given equation 8o, the given equation has no solution.

X +D +tan (—X _lj = tan |'(-7)
X— X
= —tan"' (1 X j +tan”' [X—_lj =tan_'(-7)

I-x X

X
= —tan"' | —tan"' x + tan”’ (—) =<tan”' (-7)

Alternatively, tan™' (

X
x—1
= tan"' XT =tan"' (-7)+—
1475 T 4
X
Xx—1-x*
= tantan | [—=X— |= tan(tanl(—7) +£j
X+x>—X 4
X
o T
:(x—l—xzj_ tan tan (—7)+tanz :[X_l_xzj_ 741
2 - 2 -
X+x —X l—tantan’l(—7)tan§ X =7
—X+1+x> 3

= x> —4x+4=0. (Now it’s same as in the other method given above).

XZ
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Solutions Of Inverse Trigonometric Functions

x—5+x+5
ab)WehavetanI(X_Sjvt‘[21nl(x_|—5j=E — tan!| X=6_x+6 |_T
X—6 X+6 4 1_X—5><x+5 4
x—6 x+6
:tantanl((x 5)(§+6)+()§ 6)(X+5)j:tanﬁ X +x-30+x"—-x 30=1
X —36—x"+25 4 -11
= 2x* =49 X=il0ri1\/§
2 2
Xx—2 XxX+2
X — x+2) =« 3 %13 7
ac) We’ve tanl( j tanl[ j=—, x| <1 = tan | X=2 X+l
x—3 X+3 4 1_x—2xx+2 4
x—3._ x+3
(X +x—-6+x*—x—-6 T 2x*-12
= tan tan = tan— = =1
x*—9-x*+4 -5

:>xZ=Z
2

X =2

|x| <1 so, the givenequation has no solution.

X+2
X +1 n

ad) Here tan™' (X

+ tan =— = tan =—
1 x+1 4 1_X—2><x+2 4

x=1 x+1
— tan tan"" (x 2)()2(+l)+(x2+2)(x 1) - LN P 24X +x-2 1
x -)—-(x"—-4) 3
2_
:>2X 4=1 :>X2=Z S X=* Z
3 2 2
ae) Given that tan™' (2_ X J R ltan’1 — x>0
+x/) 2

2(2—xj
= 2tan”' (2 _Xj Ltan 2 = tan”' 2—+X2 —tan"' 2
2+x 2 1_(2_)() 2
2+Xx
= tan " 22z )24 —tan' > = tan™' ( _Xz)—ta X
@2+x)"T(2+x) 4x 2
_x2 L2
:>‘[an_142X =tan’li 4 X :% =4-x>=x" x=+2 [x>0
X

Q06. »a) We have cos” (cos ?j +sin” (sm —j = 4 sin-

2n . (nj 2n
= =—+sin | sin =—4
3 ( 3 3

e
—=T.
3

18

b) Given cos™' (coss—nj —cos'| cos| 2n=L || =cos™ (cos Ej _I
3 3 3 3
¢) We have cos™ (cos 13_7:) =cos”' 005(27: + Ej =cos '| cos (Ej _T
6 6 6 6
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d) Given tan™ (tan7—nj =tan”' tan(nvtﬁj =tan”' (tan Ej _I
6 6 6 6
e) Given sin™' (sin?)—nj =sin™’ sin(n—z—nj =sin™’ sin( j = 2_75
5 5 5
f) We’ve sin™' (sin 4—nj =sin™’ sin(n —Ej =sin”’ (sin Ej _I
5 5 5 5
P -1 3n -1 /I _1 T T
g) We’ve cosec™ | cosec— [=cosec™ | cosec| m—— | |=cosec” | cosec— |=—
4 4 4 4
h) We’ve tan™ (tans—nj =tan”' tan(n—ﬁj =tan”' (—tan Ej =tan”' —L
6 6 6 NE)
» ( nj T
= =tan | tan| ——||=——
[ 6 6
i) We’ve cos™ (00575—7[) =cos”' (cos(n +25—TED =cos”' (—cos(zs—njj

. (27:) 2n 3w
= =mT—cos |cos| —||=m——=—
5 5 5

j) Given sin"'(sin2) =sin"'sin(n—2) =1t —2

21
5

[As 2¢ [—gﬂ ic., 2 ¢[-1.57,1.57], . sin”' (sin 2) 2. Whereas ©—2 €[-1.57,1.57]

k) Given sin"'(sin10) =sin~' sin(3n—-10)=37=10
1) We have cos™' cos320° —sin~' sin320° =.cos ™' ¢0s(360° —40°) —sin"' sin(360° —40°)
= =cos”' cos40°” —sin"'[—sin 40°] =40"¥Sin ' sin40° = 80°

Q07. a) cot(tan’1 a+ cot’la) = cot (gj =0

b) cos(sec’1 X +cosec x) — cos =0
2
2
¢) tan[2tanl———}=tan tan”'| —— |- T =tan[tan 1———}
1|4 12 4
25
tan tan ™ (Sj—tan S
4 A 12 4 12 A
5
1+ tantan™ S tan — 17
1 4 12
d) sin T _sin™ (—lj =sin E—(—Ej —sinZ=1
3 2 3 6 2
2
e) ‘[anl sin”' 2X2+cos’11 yz =tanl[2tan’lx+2tan’1 y}
2 I+x I+y 2
= =‘[an[tan’1 X +tan”' y} Xty
I-xy

19
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f) tan"'[2cos(2sin' (0.5))] =tan '[2cos2sin”’ %] =tan”' {20052(%)}

= =tan"' 2005(E =tan"' 2(lj =tan'1= r
3 2 4

2
g) tan[2tan'(0.2)] = tan| 2tan”' l} —tan|tan" —— | = tan[tan 1—} _3
L 5 b 12
25
h) cot {sm( ﬂ =cot™ [-1] = cot [cot(—ﬂ :%’I

3 3 3 ) fan tan™' > + tan tan ' > Y L
i) tar{sin1 =+cot” —j = tan(tanl Z+tan —j - 4 3
5 2

l1—tantan™ ixtantanl > l—éxg

o) fo (oo (]
- sl (el ()

-
e A e
. ( ) g)_m AN

5
=tan' 2 7] J = tarf1 03 =RHS.
S

QO08.

l\)‘u‘

2 4
LHS.: 2 tan\ ( J+2tan ( j—tan1 41 +tan™' %
1— i
16 81
8 36
= =tan1(§j+tanl(ﬁj=tanl A5 77 —tan1(—616+540j:tan1—1156
15 77 l—ixﬁ 1155-288 867
15 77
L g 289%4 3

=cos —=RHS.
289 %3 5

¢) LHS:tan™ (1) +tan”' (2) +tan”’ (3) =tan"' (1) +(§—C0tl 2j +(§—C0tl 3j

20
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1 1
| N ,1 A 273
= =T+ tan (1)— tan —+tan — |=m+tan (1)—tan
2 3 1 1
I——x—
2 3
S
_ 4l 6 _ _
= =7Hrtanl(l)—tan1 E =n+tan1(l)—tanl(l):n:RHS
6
1 2
(1 (2 T
d) LHS:tan" | — |+tan” | — |=tan | —=———
2 11 1 1 2
_7X7
2 11
= :tanl(l—sj:tanlizRHS
20 4
2
e) LHS:2tan1(—j+tanl(—j=tan1 % +tanl(—j=tan1(—j+tan_l(—j
-
4
4.1
= —tan”'| =27 —tanl(ﬂj:RHS
4 1 17
l——x—
3 7
3_8
f) LHS:sin sin!'—=tan"' =“tan.'— =tan"' 43 158
I+=x—
4 15
= =tan 113 =cos’1&—RHS
84 85
g) LHS: Let Y =sin_' — +gos™' <+ tan™’ 63 _ tan”' —+tan”' %vttan1 %
12 3
5 63
= =tan™ S +tan” =Y =tan'| —— |+tan' == (i)
123 16
- %=
514
(. 63 63 63 63
Let tan | =—=— |=x =>tanx =—— = —tanx =— = tan(m—x)=—
16 16 16 16
:>n—x=tan’1§ :>n=tan’1§+x :>n=tanlﬁ+tanl(—ﬁj
16 16 16 16
Y =n=RHS [By using (i)
h) Given —n—gsm’ll:gsin’l& :>2 ’lﬁjtg *ll=9_n
8 4 3 4 3 3 4 3 8
LHS.21’1&+2si a1 9 ’livt a1]_9 in™ ﬁ 1—l l\/l—§
3 4 3 4 4 3 9 3 9
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S :;(m—[gx@gxgﬂ:;[sm-[gngsm-la)

T 9

:2 =—=RHS
4 2 8
6
i) LHS:2sin’1§=2tan’1§ = =tan"| —*— = :tanl(ﬁj:RHS
5 4 1_2 7
16
5 3
7_{_7
j) LHS:cos ' —+sin”"' ==tan' —+tan ' —=tan"' 125 43
I-—x=
12 4
= =tan" (ﬁj =sin"' (ﬁj =RHS.
33 65
1 1 1 1
1 1 1 1 515 37 %
k) LHS:tan™ (—j +tan”' (—j +tan”' (—j +tan”' (—j = tan ' +tan”'
5 7 3 8 T8 L1
507 3 8
6 1
= =tan" (Ejvttanl (Ej =tan”' 17 23,
34 23 = 6 11
17 23
= :tanl( 325 j:tanl(1)=£=RHS
391-66 4
) LHS:cot™ {2tan(cos — }Ltan [2tan sin 1— }
= =cot™' 2‘[21n(‘[an*1 1_5) +tan”' 2‘[21n(tan1 ij
L 8 15
R o 8 15 16 L] 4 L[ 16
= =cot | 2x~=<|+tan"'| 2x— | =cot™ +tan | —|=tan | —|+tan | —
L 8 15 _4 15 15 15
4,16 _
= =tan ' A5 1S =tan"' [M =tan [300} RHS
4 16 225-64 | 161
15 15
m) Consider tan™ (1)+tan’1 (2)+‘[an’1 (3) =tan "’ (1) +(g—cotl 2j+[§—cotl 3}
1 1
1 1 573
= =m+tan”’ (1) —(tan1 —+tan” —j =m+tan”' (1) —tan”'
2 3 LT
2
>
_ - -1 6 | - - _
= =n+tan” (1)—tan™ E =n+tan” (1)—tan"' (1) == Proved.
6

22



A Complete Solution Module for MATHEMATICIA Of Class 12

1 1 s
Also consider 2| tan™' (1)+tan™ | — |+tan™'| — | [=2| tan™ tan= |+ tan | —2—3
2 3 4 LT
3
= Y (%j :2(£+Ej=n Proved.
4 5/6 4 4
Hence tan™ (1) +tan” (2) +tan™' (3) =rn= 2(‘[21n‘1 (1) +tan” (%) +tan” (%D .
1.1
n) LHS:tan™ l +tan”' l +tan”' l =tan”’ 2 5 +tan”’ l
2 5 8 L 8
_7X7
2 5
7.1
1 -1 9 8 46 -1 T
= =tan + tan =tan =tan | — |=tan/ 1=—=RHS
7.1 65
I——x—
9 8
2 2
o) LHS:2tan ( j+sec (—j+2tan 1(—j=tan_l 51 +tan ' —+tan | —2—
1 1-—
25 64
St
= =tan"' +tan —+4tan 19 = tan’' 12_7 +tan”'| —
63 5 1
1——x
12 7
47 16
= =tanl( j ( j—tan1 _19_63 :tanl(%j:tanII:E:RHS
1— ﬂ E 4225 4
79 63
p) LHS:cot™ 9+cosec” £—‘[an l+tan 4
4 9 5
14
= —qan' | 22 | —tan'| = |=tan'1=Z = RHS
1.4 1
=—x—
95
6
q) LHS:2sin™ — ‘[an’l—=2tan’li tan”' — =tan"' | —*— —tan’11—7
4 1 1 2 31
16
24 17
= =‘[an’lg—tan’ll—7=‘[an’1 731 :tanl(@j:tanII:E:RHS
7 31 1+ 24 11 625 4
7 731

Note Q08 (r) and (s) have been left intentionally for you.
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Q09.

Q1o0.

Q11.

Q12.

Q13.

24

1 1 2 (;j 1
t) LHS : 2tan™' (—j +tan”' (—j =tan”' | ——%- |+tan"' (—j
2 7 7

4.1
= =tan"' i +tan”’ l =tan ' 3 7
3 7 4 1
I——x—
3 7
= =tanl(ﬂj:sin1 31 =RHS
17 2542

Given y=cot™ (\/cos X ) —tan~' (\/cos X) = g— tan ™' (\/cos X ) —tan”' (\/cos X)

1+cosx

2
1-(+~/cosx _
:>y=§—2tan’l(\/cosx)=g—cos’1 —( ) =E_Cosl{l COSX}

I -1 2 X -1 2 X n
= y=——cos |tan" — =cos |[tan"— [=—-Yy
2 ( 2j ( 2)

2
X T X .
= tan’ —=cos| ——y -.tan> = =siny. Hence proved.
2 2 2
Given cos'x+cos'y+cos'z=n => CoS 'Xehe0s ' y=m—cos ' z

:cos’l{xy—\/l—xzyfl—yz}=cos’1(—z) =xy—VI-x*Jl-y’ =z
= xy+z=v1-x>4/l-y’ =Xy +2xyz+7z° =(1-x")(1-y")

= x> +y’ +2z’ +2xyz =1. Hence proved.

We have tan” x +tan”' y = = Stan” XY 2T Santan? 22 —tan®
I-xy 4 I-xy 4
XTY oy X+ y+xy=1
I-xy
LHS'COS’IL—OL sin’li—B :>cosoc—L sin[?)—i tano =7,tanf =4
sz W7 5V2' 17 ’
Now tan cos‘lL—sin*li =tan(a—B)=M = = 74 =i
5«/5 \/ﬁ 1+ tan o tan 3 1+7x4 29

Put x* =co0s20...(J)

Givén A =tan™"
\/l+x2 +\/l—x2

J1+x2 —\/1—le

[ V1+c0s20 —+/1—cos 26 | V2cosB—+/2sin 0
S = tan = A =tan :
V140826 ++/1—cos 20 V2 cos0++/25sin0

= A=tan" (Mj =tan"' ﬂ =tan ' tan (%— Oj

cosO+sin 6 l+tan®
>r="_9 =2="_20 =2 =2 _cos™! x
4 2
= cos ' x? =g—2k = coscos ' x* = cos(g—ﬂ»j S x2 =sin2A .
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a —b P 9
b 0 1- b tan 5
Q14. (a) LHS:2tan" tan— |=cos ™’ aib 5
a-—+ b 2 1+ tanZ e
a+b 2
(a+b)—(a—b)tan29 a(l—tanzgjvtb(lvttanzgj
= =cos™' é =cos™ 5 5
(a+b)+(a—b)tan’ = a| 1+tan’ — |+b| 1—tan® —
2 2 2
1—tan® 9
AR
1+tan® —
= =cos”' 2 =cos”' (Mj =RHS.
1 , 0 a+bcosO
—tan” —
a+b 75
1+ tan® —
2
2
1—(tan§tan gj
(b) RHS: 2tan™ (tan tan Ej =cos ' ;
2 2 o B
1+| tan — tan —
2 2
cos? < cos? B —sin® < sin? B
= =cos”' 2 2 2L 2
cos’ s? B +s1n < sin? B
2 2
(2 cos’ j(2 cos’ BJ (2 sin’ aj(2 sin? Bj
= =cos ' 2 2 2

ooty 2ot 2o 2

— = cos (1+cosoc)(1+cos[3)—(l—cosa)(l—cosﬁ)j

—_

(1+cosa)(l+cosP)+(1—cosa)(l—cosf)

N Y I+ecosa +cosP+cosacosP—(1—cosa—cosB+cosacosf)
L4 cosa +cosP+cosacosP+1—cosa—cosP+cosacosf

—_

2 2
s _ o[ 2Cosa +2cosf _ cos”| OS2 +cosf _RES.
2+2cosacosf 1+cosacosf
2
Q15. . (a) tan(cos™' x) =sin(tan"' 2) = tantan ' =sinsin~' —=
X J5
1-x> 2 1-x> 4
= 2 - = z( =— =9x’ =5 :x:iﬁ
X J5 X 5

: : : 5. : :
does not satisfy the given equation so, X = g is the only required solution.
2

3
2 J—
(b) sec™ 14 tan 3X _2n = cos ' Xz Ditan | 2 - _2n
x> -1 x -1 3 X +1 —-(1-x7) 3




Solutions Of Inverse Trigonometric Functions

L 1-x? L 2x 2n
—=>Cos | — 3 —tan > ==
1+x 1-x 3

_ _ 27
= n—2tan ' x —2tan"' X =?

™ tan ™
an3 3.1’14 ~ \/5—1

-1 _X2 -1 27[
=> TT—COS > —2tan” X =—
1+x 3
2n O T
= nt——=4tan" X = X =tan—
3 12

T T
> X=tan| ——— | =
(3 4)

I—tanﬁxtanE 1_‘/§X1
3 4

=2-3

Q16. Following table lists the range of inverse trigonometric functions other than their principal
branch :
Inverse Trigonometric Functions i.e. f(x) Range of f (x) other than Principal
branch
sin”' x [ 3n n} [n 3n
——,— = |,| =,—|etc.
2 21|22
cos ' x [-7,0], [m27] ctc.
-1
cosec'x [—ﬁ,—ﬁ}—{—n}, 5,3_n {n) ete
27 2 22
-1
sec”! x (0] —{-g}, [,21] —{—} ctc.
tan~'x 3t m) (wm 3n
-——,——= || =>— | ctc.
22 22
cot™'x (-m,0),(m,2m) etc.
Q17. (a) Given tan'x+tan”'y+tan~' z= r —tan ' XY T aniy
2 I-xy 2
= tantan”' Xry _ tan (E— tan z) Ty cot(tan’l Z)
I-xy 2 I-xy
1
Y =cot(cot'1—J X+y =l
1-xy z I-xy z
= yz+2zx =1=Xy ~.Xy+yz+zx =1. Hence proved.
(b) Given thatitan x+tan”'y+tan'z=n = tan’ lxi =n—tan 'z
—Stantan ' 27Y _ tan(m—tan"'z) = Xy _ —tan(tan™' z) S XY
1-xy — I-xy
= X4y =—-2Z+Xyz .. X+y+z=xyz. Hence proved.
Q18. RHS:Let y=2tan"' [cosec tan”' x —tancot™' XJ
[ 2
= =2tan"' | cosec [cosec1 I*x } —tantan™' l}
X X
_\/ 2 2 _ Put x =tan©
= =2tan”' Irxt 1 =2tan”' yiex' -1 ()
X X X = 0=tan" x
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y=2tan"] {—ljttanze _1:| :2tanl[sece_l} = y=2tanl[1_cose}

tan O tan O sin 0

2sin” — 0 0
= y=2tan"' 9—29 :2tanl[tan§}=2x§:9

2sin—cos—
2
By using (i), we get : y =tan"' x = LHS. Hence proved.
1
Q19. Let y=tan "' a+cot (a+1) = y=tan'a+tan" (—J
o+
a+—
: 1
= y=tan" — o+l = y=tan" e ror =tan’1(0c2+0c+l).
1 1 oa+l-a
—ax
o+1

Q20. Method 1 : Let %sin1 (%) =0 = sin20= %

2tan® i — 3tan’0—-8tan0+3=0

T ltn’o 4
P + (-8 -4(3)(3) 8427 457

2(3) 2(3) 3

So, tan (lsin1 EJ 4- 7
2 4 3

Now as we know that —ESsin’IESE :>—E£lsin’1 3 <X
2 4 2 4 2 4

= tan| -~ | < tan lsin’li < tan = = —1<tan lsin’li <1...(3)
4 2 ] 4 2 4

. ) 1. .,3
Therefore tan 0= 4437 is ignored because by (i), the value of tan (Esm lzj must be less

4+3\/7 >

than or equal totl but

Method 2 : Let lsin‘1 3 0 = sin20 = 3
2 4 4

w=§:>3tan26—8tan6+3:0

14tan®0 4
'tan6=_(_8) \/( ) 4(3)(3) _8i2\/7=4iﬁ
\ 2(3) 2(3) 3
So, tan(lsinl EJ 4- 7

2 4 3
Also tan0 = 4+ is ignored because if tan 0 = V7 then, sin20=———— 4+7
32+8I 4
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Q21. Let y=sin’ {200‘[1 I_—X} [Put x =co0s0...(1)
I+x
. 2
= y=sin’| 2cot™ 1=cos9 =sin*| 2cot™ 251112—(9/2)
1+cos6 2cos” (0/2)
= y=sin’ 2co‘t’ltan9 =sin’| 2cot™" cot 9 = y=sin’|2 T2
2 2 2 2 2
= y=sin’(1—0)=sin’0 = y=1-cos’O s y=1-x*  Byusing (i)
Q22. Same as Q03 (z)
2
Q23. (a) LHS:sin(2tan1 %jwtcos(tanl 2x/§)=sin tan’li1 +COS(COSI %j
1— =
9
= =sin(tan1§j+l=sin(sin1£J+l=£+l=E:RHS
8) 3 10) 3 10 3 15
2
-1 41 -1 5 43 -1
(b) We have 2cot™ 3=2tan §=tan —T = tan Z=cot —..4(1)
1——
9

cot (cot1 4) cot T +1
3 4

cot| cot™ 4 —cot ™
3 4

Consider LHS : cot [% —2cot™ 3} =cot [g —cot ™! 5} =

i><1+1

= =3 =7&RHS.

4

——1

3

Q24. (a) cos(2cos™ x+sin ' X)=cos(eos ' X +sin”' x +cos”' x)
_ (TC -1 j_ . -1
= =Cos E+COS X |=—sincos X
o . a1 .. 42 2
Substituting x.= 1/5, we get : —sincos 1§ = —sinsin 1% = —g
(b)'Let\y = tan lcos’1 (ij (i)
4 2 Jit)]
3 1-tan’ 0 3

Put %cos1 (ij =0...() =cos20=—=

- =
\/ﬁ \/ﬁ 1+tan’ 0 \/ﬁ

l—-tan’0+1+tan’ 0 3++/11
Applying componendo & dividendo, we get : =
PPLyIng P 8 l-tan’0—1—tan’0 3—-4/11

= 2 _3+\/ﬁ :tanze——\/ﬁ_?’ = tan 0= ’—\/ﬁ_?)
—2tan’0 3—\/ﬁ \/ﬁ+3 \/ﬁ+3

o[ (3] V-3 L
..tan{acos [\/ﬁﬂ_ Ni+3 [By (i)and (ii)
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2
Q25. (a) We have (tan' x)* +(cot ' x)* = 5% = (tan’1 X +cot”' X)z —2(tan’1 X cot’ X) = o

Q26.

Q27.

2

n’ 4 (m O 51t 4 (= O 57wt 3n’
=|—| =2{tan” x| ——tan X | |=— = -2|tan” X| ——tan x| |= —_—— =
2 2 8 2 8 4 8

2 2
3 = (tan"' x) ~ T tan™ X—3L =0
16 2 16

=16(tan"' x)* —8ntan”' x —31* =0 =>16(tan"' x)* —12ntan”' x +4ntan' x 31> =0
= 4tan”' )((4tan’1 X —3n) + 7r(4tan’1 X —3n) =0 = (4tan’1 X —371)(4tan’1 X+ n) =0

T, .
:>5tan 'x —(tan"'x)* =—

= 4tan' x—-3nt=0o0r 4tan”' x+1=0

LX = tan%,tan(—%j ie., x=—1,—1. So, value of x is —1

(b) We have cos(tan™' x) = sin[cot1 %j = coscos '

1 . ( L 4}
=SS —
V1+x° 5
25 , 9

= = =1+x*=== =X == S.x =13/4

*,1+X2 16 16

We have u=cot ' +/tan0 —tan'\/tan©

1

(RN

. . . T T _
Using tan™' x + cot 1x=5 to get : u=5—2tan 'A/tan 0

:>2tan’1\/tan6=§—u = tane:tan(g_%j

On squaring both the sides, we get : tan @= tan’ (%—%) Proved.

2 2

T u u
T u tanz—tang l—tana

Also tan? (———j= = =| ——=% | Proved.
4 lthanExtanE 1+‘[anE
4 2 2

u
1—tan —
Hence, tan 0 = tan® (g y Ej 2

2 2
(a) We have cos‘l(ijvtcosl(zj:a = cos ' i><Z—,/1—X—21/1—y—2 =q
a b a b a b

2 2 2 2 2 2

/ _ b2 —

= C0scOs Xy I—X—2 l—y—2 =cosa :ﬁ—\/a X\/ Y =cosa
a b a b ab ab

= xy—abcosa = \/a2 -x’ \/b2 -y’ Squaring both the sides

= x’y* —2xyabcosa +a’b’cos’ a =a’b’ —a’y’ —b’x’ +x’y’

= a’y’ +b*x”* —2xyabcosa =a’b*(1—cos’ o) Dividing both sides by a’b’
2 2

X~ 2x .
SR XY coso+ Y_z —sin’ o Hence proved.
a ab b

(b) Proceed same as in the Part (a).
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Q28. - a,,a,,8;,.cnn. ,a, arein AP so, d=a,—a, =a;—a, =....... =a —a

Now, tan{tan1

L a,-a L a,—a ,a,—a ,a —a
=tan{tan "2 “lytan' 2—2 ¢tan 24—+ +tan 0L “1}
l+aa, 1+a,a, l+aja, l+a, a,

= tan [tan’1 a,—tan"'a +tan 'a;—tan 'a,+tan 'a, —tan 'a,+....+tan"'a, —tan anfl}

_ - ., a,—a, a, —a,
= tan[tan a, —tan al] = tan tan =
l+a,+a, l+aa,
. _1 _1 . ,] n . ,] . ,] TE
Q29. (a) We havesin™ x >cos™ X =sin X >—-sin X = 2sin” X >~
2
. v .. LT 1 . o
=>sin X >— =sinsin” x >sin— =>x>—=  (~>Domain of $in"_is [=1;1]
4 4 J2
1 ) 1
S—<x<l1e,xe| —,1
2 V2
71 . 71 n . ,] . _1 T[: . ,]
(b) We have cos™ x >sin™ x :>E—s1n X >sinTHx :>Z>s1n X

NG

Q30. Given sin”' x+sin"'y = 2?7{ =T cos'x+ g— cos hy= 2?7{

= sinsin™' x < sin = :>x<L .'.xe{—l,i}
4 V2

=>cos” X+cos”y= g ...(1) Also, cos™x—cosT y = g ...(i1)

Adding (i) & (ii), 2cos™ x = 2?7{ =X= cosgzé
Also, subtracting (ii) from (i), 2cos”' y=0 = y=cos0=1

: _[1
..(x,y)—(z,lj.

Q31. We have (sin™' x)%+(cos ' x)” = (sin”' x +cos ' x)* —2sin”' xcos™' x

2
= = 757—2sin’1 X(g—sinl Xj
B 2
= =2/ (sin”' x)z—Esinlvan—}
| 2 8
i )Y n?
= =20 |sin'x—=| +—
(5] o]

. . 1 P T . .
.. Least value is obtained at x = —= at which sin”' x = n and, greatest value is obtained at

NG

x =—1 when sin' x = —-1/2.

2 2
So least value = 2 r L and
16 8

T 7 ? e 517
Greatest value =2 (_E_Zj + =—
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Q32. We have sin™' 6x +sin™' 6+/3x = —g — sin” 6+/3x = —g— sin”' 6x

Q33.

Q34.

= sinsin™’ 6\/§X = sin(—g—sin1 6xj = 6\/§X = —cos(sin’1 6X)

:>6«/§x=—\/1—(sinsin’1 6x)’ =108x* =1-36x° :>X=i%

X = % doesn’t satisfy the given equation, .. x = —é is the only required solution.

(a) For sin '2x to be defined, 2x e[-1,1] i.e., -1<2x <1

1 1 11
=>-—<X<— SLXE|——,—

2 2 2°2
(b) For sin ' (—x%) to be defined, —x* e[-1,1] ie., -1<—x*<1 =|x £ Lie., X€[-LI]
(¢) For cos '(x* — 4) to be defined, x> —4e[-1,1] ie., -1<x*—4<1 — 3<%’ <5

n=d5<x<—Borf3<x<5 ie., xe[—\/g,—\/g]u[\/g,\/g]

(d) For sin 'x + cos x to be defined, both the functions sin 'x and cos’x must be defined which
is possible if x €[—1,1] and x € R respectively.

Therefore, sin 'x + cos x is defined in the interval x € R A[—11]4.e., [1, 1].

_ . T
We have tan 1Jx(x+1)+sm "Wx?+x+ :5
_ T . _
= tan"'Vx* +x :5—sm "Wx?+x+1=cos 1\/xz+x+l

1
= tan ' Vx? +X =sec” ——— Let sec” ( j
x> +x+ x4+ x+1

/—x —X
= tan"' VX’ +x =tan™ =secl=—
X x +1 < Vx*+x+1

_ Lo bx3A—x /
= tantan ' Vx° +x = tan‘tan™' N = tan0 =
X" +x+1 x2 +x+l
3 —xA—x ) —x —-X
SN X =[5 = 0=tan"
x* +x+1 N x4l
On squaring/oth sides, we get
2 2 2 2 2
:>(x +x)(x +x+1)=—x —X :>[x +x}[x +x+l+l}=0

=x’+x=0 or 4% +x+2=0 (No real solutions)
:>X(x+1)=0 Sx=0, x=-1.

Alternatively, we have tan™', /x(x + 1) +sin VxP X+ =g
1
:>tan’1./x x+1 =E—sin’1\/X2+X+l = cos " ———=cos ' Vx*+x+1
( ) 2 Vx2+x+1

-1 1 -1 2 1 2
= C0SCOS ————=C0SC0S VX +x+1 =>—— =X +x+1
VX2 +x+1 Vx2+x+1

=x'+x+1=1 =x’+x=0 Sx=0, x=-1.
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Q35. - 2tan” a-b tang =cos ' (Mj, replace a =5, b=3 and complete yourself.
a+b 2 a+bcosHO

Also see Q14 (a).

Q36. We have tan"l( ! j+tan"l( ! j+...+tan‘1 _ =tan"' O
1+1.2 1+2.3 I+n.(n+1)

:tan‘l( 2-1 j+tan‘l( 3-2 j+...+tan‘1 w =tan' O
1+1.2 1+2.3 I+n.(n+1)

=tan'2—tan"'1+tan'3—tan"'2+..+tan 'n—tan"'(n—1)+tan"'(n+1)—tan"' n = tan"' O

= tan"'(n+1)—tan"'1=tan"' O = tan™’ (o+h-1 _ tan~' O
I+(n+1).1
= tantan”' =tantan 'O o=
I+n+1 n+2
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